Proof:
Let ¢(s) be the Riemann zeta function, defined for Re(s) > 1. We want

s
to show that if ((s) = (1 — s*), then the series difference > L — > 1o

ni—s*
n=1 n=1
converges to 0 in the critical strip.

First, we consider the functional equation of the zeta function, which relates
¢(s) and ¢(1 — s*):
¢(s) = 27 Lsin (?) T(1 - s)¢(1 - s%).
Assuming ((s) = (1 — s*), we have:

¢(s) = 275 Lsin (%S) T(1 - s)¢(s).

Since ((s) is non-zero for Re(s) > 1, we can divide both sides of the equation
by ((s) to obtain:

1=27""1sin (%‘S) I(1—s).
Next, we use the reflection formula for the gamma function:
™
rra-z =——.
()71 =2) sin(7z)
Substituting z = 1 — s into the reflection formula, we get:

sin(m(1 — s))

Substituting this into our previous equation, we have:

T(s)I'(s*) = = 7 cse(ms).

1=2%%"1sin (g) mese(rms).
Simplifying, we obtain:

2

2° = .
sin(7s)

&) o0
Now, we can consider the series difference Y L — > 1~
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Using the relationship 2° = we can simplify further:

2
sin(ms)?

N | 1 (1 &1 1 o 1 =
nz_:lns_nz_:lnls*:%< “S_Zns*>:sin(ws)(Zm_zn8*>'



By the convergence of the zeta function for Re(s) > 1, both series converge
absolutely in this region. Thus, the difference of the series is well-defined.
Now, using the functional equation {(s) = {(1 — s*), we have shown that

o)
ﬁ = 0 whenever ((s) = ((1 — s*). Therefore, the series difference Y L —
n=1

nl—s*

oo
> —L~ converges to 0 in the critical strip.
n=1



