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Necessary and sufficient conditions for uniqueness of analytic continuation
are investigated for a system of m > 1 first-order linear homogeneous partial
differential equations in one unknown, with complex-valued > coefficients,
in some connected open subset of R*, & > 2. The type of system considered
is one for which there exists a real k-dimensional, ¥, connected C-R sub-
manifold M* of C», for k, n > 2, such that the system may be identified with
the induced Cauchy-Riemann operators on M*, The question of uniqueness
of analytic continuation for a system of partial differential equations is thus
transformed to the question of uniqueness of analytic continuation for C-R
functions on the manifold M* C C* Under the assumption that the Levi
algebra of M* has constant dimension, it is shown that if the excess dimension
of this algebra is maximal at every point, then M¥ has the property of uniqueness
of analytic continuation for its C-R functions. Conversely, under certain
mild conditions, it is shown that if M* has the property of uniqueness of
analytic continuation for all ¥® C-R functions, and if the Levi algebra has con-
stant dimension on all of M*, then the excess dimension must be maximal at
every point of M¥,

1. INTRODUCTION

The problems considered in this paper arise out of both the fields of partial
differential equations and several complex variables. In terms of partial
differential equations we are interested in a system of m first-order linear
homogeneous equations in one unknown, m > 1, with complex-valued >
coeflicients in R*, & > 2. We seek conditions under which a €> solution on
some connected set 4 C R*, which is zero on an arbitrary subset B with
B C A4, has the property that it is identically zero on all of 4. This is the study
of uniqueness of analytic continuation for partial differential equations.
Since our systems are linear, we have as a consequence that two €= solutions
#, and u, to a system with a € right-hand side which have the property that
they agree on some open subset B must agree on all of 4.

We will assume that our system (in R¥) has the following property. There
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exists a real k-dimensional connected, €~ submanifold A7* (without boundary)
of some C», k, n >> 2, such that the system can be identified with the induced
Cauchy-Riemann operators on M* from C». Nirenberg [13, 14] has shown
that there is a partial differential equation in three variables with € coeffi-
cients for which there does not exist an M3 C C2 such that the partial differen-
tial equation is the Cauchy—Riemann operator on M3. However, if our system
has real-analytic coefficients or if it satisfies certain other weaker conditions
(see [1] for some examples), then we can find the M* C C" we desire. It should
be noted that Nirenberg’s example in {14] does exhibit uniqueness of analytic
continuation since all solutions to his partial differential equation are constants.

Therefore, we can change the question of uniqueness of analytic continua-
tion for a homogeneous system of partial differential equations in R* into the
question of uniqueness of analytic continuation of C-R functions (functions
satisfying the induced Cauchy-Riemann equations) on M* C C". Suppose
then that f is a C-R function on M* such that f = 0 on some open subset U
with U C M*. We wish to discover under what conditions we can be assured
that f vanishes identically on all of M*. We shall find that this depends on the
excess dimension, ¢, of the Levi algebra. If the number e is as large as possible
at every point of M*, then we will show that we can extend f to a holomorphic
function on some complex submanifold of C*, and then use the uniqueness of
analytic continuation of holomorphic functions on this complex manifold to
deduce that f = 0 on M*. We will also show that if M* has the property of
uniqueness of analytic continuation for all C-R functions which are €, and if
the Levi algebra has constant dimension on all of A%, then the excess dimen-
sion must be maximal at every point of M*. Our sufficiency result will be
global on M* but our necessity result is essentially local in nature. The
extensions of C~R functions on C-R manifolds has been considered in great
generality in [11], and we shall need the results and methods of proof used
there.

We remark that the results in [11] do not require M* to be €=, but only
sufficiently differentiable to enable the use of the Sobolev lemma. Similarly,
our necessary and sufficient conditions will hold for ™ C-R functions, for
some m > 1 which can be determined. However, for the sake of simplicity
we will assume that 4% and its C-R functions are €.

We will use some tools of several complex variables, particularly Lie
brackets, Levi forms, and Levi algebras. These have been used before in the
study of partial differential equations, most notably in the solvability work of
Hérmander, Nirenberg, and Treves. Indeed, Hérmander’s condition (H)
can be stated precisely in these terms (see [9, 20]). It has been shown that a
necessary condition for existence of distribution solutions for a large class of
partial differential equations is that the first Lie bracket vanish. More recently,
the use of successive Lie brackets has been exploited by Nirenberg and Treves
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[15, 16], Treves [20], and Beals and Fefferman [2] to show sufficient
conditions for solvability in a related class of partial differential equations,
those satisfying condition (P) of Nirenberg and Treves.

Finally, Strauss and Treves [19] have shown uniqueness in the Cauchy
problem for first-order linear partial differential equations satisfying con-
dition (P). This result is related to ours in that the former implies uniqueness
of analytic continuation in certain directions, whereas we get uniqueness
of analytic continuation in all directions for the class of operators we
consider.

Section 2 of this paper will contain definitions and examples. In Sections 3
and 4 we prove the principal sufficiency and necessity results, respectively.
Section 5 contains other examples, results, and remarks.

2. DEFINITIONS AND EXAMPLES

We begin by stating formally the definition of uniqueness of analytic
continuation,

DeriNiTION 2.1.  Suppose we have a system of m(>>1) first-order linear
homogeneous partial differential equations in one unknown with complex-
valued €= coefficients defined on an open connected subset 4 of R¥, & > 2.
This system has the property of uniqueness of analytic continuation on A if
every €= solution on 4 which vanishes identically on any arbitrary open
subset of 4 must vanish identically on all of 4.

In terms of several complex variables a more meaningful definition is the
following.

DeriNiTION 2.1°.  Let M* be a real k-dimensional, connected, €* manifold
(possibly compact), which is a C-R submanifold of C", with k2 and n > 2.
Then M* possesses the property of uniqueness of analytic continuation if
every C-R function on M* which vanishes identically on any arbitrary open
subset of M* must vanish on all of M*,

The definitions of C-R manifolds and C-R functions will be given later.
If the set 4 and the system in Definition 2.1 have the property that 4 can be
embedded in some C* as a real k-dimensional, connected, C-R manifold M*,
such that the system represents the induced Cauchy—Riemann operators on
MF*, then Definition 2.1’ implies Definition 2.1.

Let M* be a real k-dimensional €* submanifold of C», k, n > 2. For
p € M* we denote by T, (M*) the real tangent space to M* at p. The set
T(M*) is the real tangent bundle to M* with fiber T,(M*), and the complex
structure on C* induces the almost complex tensor J: T(C")— T(C")
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defined by multiplication by ¢ = (—1)}/2. We define the holomorphic tangent
space to M* at p by

Hy(M¥) = T(MF) O JT,(MF).

It is easily shown that max(k — n, 0) < dimcH (M*) < [%/2].

If dim¢ H,(M¥) is a constant for every p € M¥, then M* is a C~R manifold
in C" These are the manifolds of interest to us because we can form the
holomorphic tangent bundle H(M*) with fiber H,(M*) for C-R manifolds.
If M*is a C-R manifold and dim¢ H,(M*) = max(k — #,0), then M¥ is
called a generic manifold. We have a totally real manifold M* if dimg
H,(M¥) = 0 for every p € M*. However, the manifolds we shall consider are
those C-R manifolds which are not totally real; i.e., 0 <C dime H(M*) <
[#/2], where [ ] denotes the greatest integer function.

Let x be a point in a C-R manifold M* C C*, and let Xj ,..., X, be a local
basis for H(M¥) at x. A €= function f on M* is a C-R function at x € M* if
X, f(y) = 0, for all y near x,j = 1,..., m, where X , is the complex conjugate
vector field to X; . We then say that f satisfies the induced Cauchy-Riemann
equations on MP* near x € M*. If f is a C-R function at every x € M¥, then fis
a C-R function on M*. We can also define a C-R function in the following
way [17]. Let x € M* and p, ,..., p, be real-valued €= functions defined on a
neighborhood N of x in C" such that

(i) dpy A Adp; =0 on MFNN,
(if)y M*N N = {xeN;p(x) = - = p;(x) = 0}
Then there are n — m = 7 of the p’s, say py ,..., p; , such that
Opy A A Bp; 20 near x on M*,

Furthermore, a function f € €°(M*) is a C-R function near x if and only if,
for any f e #=(IN) such that f| M* = f,
Ao nndp=0

on M¥* near x.

Let f be a C-R function on a C-R manifold M* such that f == 0 on some
arbitrary open subset U of M* with U C M*. Our problem is to find necessary
and sufficient conditions on M* which insure that f = 0. We shall work
through a series of examples which indicate when unique analytic continua-
tion can be expected, prior to proving our main result.

ExampLe 2.1. Let M3 C C2? be given by the eqﬁations
2 = Xy,

= u +w = w,
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with —1 <2, <1 and |w,; | < 1. Here %, , 4, , v, are coordinates for M3,
and 2, , 2, are coordinates for C2. In this case we have that a basis section X
of H(M?3) is given by d/ow, , by letting p; = y, in the definition of C-R
functions. Thus, 2 C-R function f on M? must satisfy Xf = f /éw, = 0 at
every point of M*. Let U be the open subset of M3 such that —} <%, < %
and | w; | << 1. We define a C-R function f on M3 by

f(zuzz):(), _%<x1<%’
=exp(—1/(x + ), —1<x <-4
= exp(—1/(x; — 3)), <% <L

We have that f = 0 on U but not on all of M3, and M3 does not have the
property of uniqueness of analytic continuation for C-R functions.

In order to understand Example 2.1 better let us examine the Levi form on
a C-R manifold M*. The Levi form is a map

T(M*) ® C
L(M¥): H(M")— ’%M'%—(%E
defined by B

Ly(u) = m[Y, Y],,
where Y is a local cross section of H(M*) defined near p such that ¥V, = u,

[, -] denotes the Lie bracket, and =, is the projection

T,(M")®C

Tyt Tp(Mk)®C—>W-

If the Levi form vanishes identically on M¥, we say that M* is Levi flat.

In Example 2.1 we have that [X, X], = 0 for every p € M¥, and thus the
Levi form vanishes identically on M*. We shall see later that this vanishing is
related to the fact that M* does not have uniqueness of analytic continuation.

ExampLe 2.2. Let M*C C? be given by the equations
R =%,
2y = Xy -ty ,
2 =+ = w,

with —1 <, ,x, <1 and |w, | < 1. Here x;, %, , %, , v; are coordinates
on M*and 2z, 2,, 3; are coordinates for C3. In this case a basis section X
of H(M*) is given by



284 HUNT AND STRAUSS

Thus a C-R function for M* must satisfy
¥r— i g U
X =35 T = O

on M*, as p) = y; and p, = y, — @@, . Let U be the open subset of M*
satisfying —4 < x,, %, << % and | w, | < }. Define a C-R function f on
M4 by

f(z1 2, 25) =0, —i < <i
=exp(—1/(® + 3%, —1<x<-—}
= exp(—1/(x, — 3)7), i<y <l

We have that f = 0 on U but not on all of M*. Also, [X, X] = —(¢/2){(¢/0z,) +
(9/93,)}, implying that the Levi form does not vanish anywhere on M4
Thus we fail to have uniqueness of analytic continuation even though the
Levi form vanishes nowhere.

Before continuing with Example 2.2, we need to give some more definitions.
The Levi algebra of M*, where M* is a C-R manifold, is the Lie subalgebra of
complex fields generated by sections of H(M*) and H(M¥), with H(M*) the
conjugate bundle of H(M¥). The Levi algebra is denoted by L(M*), and we
make the assumption that the dimension of L{M*) is constant. Then L(M¥)
is the algebra of sections of a vector bundle V, and V' D H(M¥) @ H(M™).
Let

14
H(M*) @ HMY)

e = fiber dim¢

This e is called the excess dimension of the Levi algebra. If M*is a generic
manifold, then 0 < e << 2n — %, and if M* is a C-R manifold with
1 = dimcH (M*) — max(k — n,0), then 0 < e < 2n — &k — 2L The first
statement in the preceding sentence is obvious, and the second statement
will follow from a proof in the next section. For a detailed discussion of the
Levi algebra and the excess dimension, see [4]. Also notice that if e > 1,
then the Levi form must not vanish on M¥,

If we examine Example 2.2 again we find that [X, [X, X]] = 0 on all
of M4, This implies that the excess dimension e of M* is 1. Since M* is a
generic manifold, the maximal possible excess dimension is 2. We will show
that the fact that M* does not have the property of uniqueness of analytic
continuation is related to the fact that its excess dimension is not maximal.

ExampLe 2.3. Consider now the 3-manifold M2 contained in C? given by

2 = xy + 1w @,,

Ry = U ;- 1vy =W,
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with —1 <%, <1 and |w, | << 1. A basis section X of H(M?3) is
—(£/2)(0) 0w, + @,(0]0z;). A C-R function f on M3 must satisfy Xf =
(G120 [0,) + wy(3f [0%) — O on M5, as p, — 3, — wy, . Since [X, X] =
—(£/2){(8]92y) + (8/9z,)}, all C-R functions on M3 extend to holomorphic
functions on a connected open subset W of C? which contains M2 in its
boundary (see [8, 11, 12, 21]). If a C-R function f is zero in an open neigh-
borhood U of the point (0, 0, 0) in M3, then the holomorphic function on W
which agrees with f on M3 can be shown to be zero on some open subset of W
which is sufficiently close to the point (0, 0, 0) in 3. By the uniqueness of
analytic continuation for holomorphic functions we have that this holomorphic
function is identically zero in W, hence on M?3. Thus M? has the property of
uniqueness of analytic continuation. We will see that this occurs because the
excess dimension e is identically one on M3, which is the maximum dimension
possible.

Indeed, we will prove in the next section that if M* is a real k-dimensional,
connected, C-R, €= submanifold of C” such that the excess dimension of the
Levi algebra on the manifold is maximal at every point, then M* has the
property of uniqueness of analytic continuation.

3. C-R EXTENSION AND SUFFICIENCY RESULTS

Let M* be a C-R manifold and denote the C-R functions on M* by
CR(M¥). If M is another C-R manifold with M* contained in the boundary
of M, we say that M* is C—R extendible to M if the map CR(M*) N CR(M)—
CR(M*) is onto. By this we mean that, given a C-R function f on MF¥, there
exists a C-R function f* on M such that f* | M* = f.

Let D be the open unit disc in the complex plane given by {{e C: | [ | < 1}.
If T is the Cartesian product of ¢ compact intervals on the real line, then we
define a g-real parameter family of analytic discs as a continuous map F:
T x D — Cr such that F(t, {) is holomorphic for { € D and for every fixed
te T.If for some ¢ € T, F(¢, {) is a constant, then we have a degenerate analytic
disc corresponding to this value of 2. In studying C-R extendibility these
analytic discs prove to be very useful as the following known result indicates.

THEOREM 3.1 [11]. Let M* be a real k-dimensional €= submanifold of C™.
If M* is C-R and if the Levi form does not vanish at some point p € M*, then
there exists a €™ manifold M C C" of real dimension (k- 1) such that all
C-R functions on M¥ extend to C-R functions on M. The integer m can be
chosen from the set {m : 1 <X m << c0}.

We shall give an outline of the proof of this theorem in the generic case
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only. Thus, we assume that M* is a generic manifold and that M* near p is
given by the local equations

7 =% + lhl(xl yeoey Xapg Wy 5eeny wk—-n))

Ron—k = Xon—p '+' ih2n-—k(x1 seers Xop—f s Wy 3eeey wk——n)’ (31)

Rop—p4r = Uy + 10 = Wy,

Bp = Up_p T 10y = Wiy,

where &y ,..., ¥pp_r> ¥y, Tpseees Yp_n» Up_, are local coordinates for M*
vanishing at p, and 2 ,..., 2, are coordinates on C* also vanishing at p. The
functions A, ,..., ky,_; are real-valued and vanish to order 2 at p.

Using the Picard process of Bishop [3] and the Sobolev norm estimates of
Wells [22], we can represent M* near p in the form

o M =) e o)
2y == %" A thy (2,7 e, Xam_p s Wy seees Wieen)s
s o) g @ ko o}
Bon—k — Xon—k + lhzn—k(xl seeey Xan—g > Wy yeery wk—n)’
Ryn_p41 = Wy = 1€, (3.2)

Ban-pie = Uy T Wy = Wy,

By = Uy + Wy = Wiy -

The functions x,°, j = 1,..., 2n — k&, are defined by x,° = 5, — Thy(x,*,...,
Xy i s 1€0, Wy ..., Wy_,), where Th; is the Hilbert transform of A,(x,®,...,
Ko s 7€, Wy ..., Wy_,) taken With s ..., San_p 5 75 Wy 5.y Wi_p, fixed, where
the s; replace our original functions x;. Given any positive integer m, the
functions x,* can be taken to be € functions where defined. Then we have
MP near p given by a map F: I*»* X Iy x éD x I?*-%-2 — C* defined by
Egs. (3.2) with F = (F;,...,F,;) = (21,..., 2,). We use the notation that
I =[—1,1] and I, = [0, 1]. The variables, or more appropriately, param-
eters, are § ,..., Sy 0 I2%% v in I, and uy , Uy .0y gy 5 Vp_yy in JH202,
Applying the Cauchy integral formula to the functions F, ,..., F,, we obtain
a map F:I2* x I, x D x I?-2»-2 Cn such that F'|[>* x I, X
0D x I?*-2n—2 — F and F’ is a holomorphic function in {e D for s, ,...,
Som—tc s 7> Uy s Vg yeeey U » Up_y fixed. Thus we have a (k — 1)-real param-
eter family of analytic discs with boundaries in M* near p, with the point p
being a degenerate disc. Since the Levi form does not vanish at p we may
arbitrarily assume that 2h,( p)/0w, 0%, # 0 for some j, 1 <j << 2n— &
It is shown in [4] that if the parameter sets have been chosen sufficiently
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small, then the interior of the family of analytic discs fills up a generic mani-
fold M of real dimension (& +- 1). This manifold M is connected and simply
connected.

Given a C-R function f on M there exists a C-R function f* on M such
that f' | M* = f near p. The function f” is obtained by applying the Cauchy
integral formula to f on the boundary of each analytic disc. Proving that this
function f’ is actually C-R on M is indeed very difficult and depends on
approximations of f by holomorphic functions on certain “slices” of M*
We need not do this here.

We are now ready to prove the main sufficiency result of this paper.

THEOREM 3.2. Let M* be a real k-dimensional, connected, C-R, €= sub-
manifold of C*, and let the excess dimension of the Levi algebra be maximal at
every potnt. If f is a C-R function on M* such that f = 0 on U, U an open subset
of M* with U C M¥, then f = 0 on MF*.

Proof. We have only to show that f is identically zero in an open neighbor-
hood in M* of an arbitrary boundary point g of U. So we just assume that M*
is this open neighborhood and U is an open subset of M* with U C M* and
with ¢ in the boundary of U.

The proof will be divided into two cases, the generic case and the C-R
nongeneric case. So we first assume that M* is a generic manifold, and that
the excess dimension at every point is 2n — %, which is the real codimension
of M*in C».

The proof is by induction on the integers 2n — k. If 2n — k = 0, then
MF¥ is just an open set in C" and there is nothing to prove. So we assume that
2n — k = 1. Given a positive integer m we can construct a (k — 1)-param-
eter family of analytic discs, which are defined by a €™ map, such that the
boundaries of these discs fill up B, m M¥, where B, is an open ball in C” of
radius € about ¢. Here the point g takes the place of our point p in Egs. (3.1),
and hence is a degenerate disc. Since M* is a € manifold there exists an open
set, which we take to be B, , such that each point ¢’ € B, has the property that
there exists a (¢ — 1)-parameter family of analytic discs, constructed with ¢’ as
the degenerate disc, having their boundaries filling up B, ;(¢") N M*, where
B.,5{¢') is an open ball in C* with radius ¢/2 and center ¢’. We choose a point
p € M* N U such that the distance from p to ¢ in C* is less than /4. So we can
construct a (¢ — 1) parameter family of analytic discs at p, as in (3.1), such
that these discs have %™ structure and such that the point g is on the boundary
of one of the discs. Any C-R function g on M* extends to a C-R function g’
on the interior of these discs by Theorem 3.1.

The assumption that 2n — k = 1 implies that £ = 27 — 1. Thus the
interior of the family of analytic discs, which we denote by 7, is simply an
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open connected set in C® with M* neat p in its boundary. Since p € U and
f=0in U, we find that the extended C-R function f' is zero on those discs
whose boundaries are sufficiently close to p. By the uniqueness of analytic
continuation for holomorphic functions in C* we have that f' = 0 on M,
hence f = 0 on the boundaries of the analytic discs. Here we have used the
fact that a C-R function on an open set in C* is a holomorphic function in the
set. Thus we have shown that f = 0 on a neighborhood of ¢ in M*.

Now we assume the theorem is true if 2n — & <{ ¢ — 1, and show that it is
true for 2n — k = ¢, with ¢ an integer greater than 1. We take p and ¢ as
above and suppose that we have constructed the analytic discs at p as before.
All C-R functions on M* extend to C-R functions on M by Theorem 3.1.
The function f’ which extends f has the property that it is identically zero on
an open subset of M. Since M is a generic manifold and the excess dimension
of M ist — 1 (see [4]), then by our inductive hypothesis f' = 0 on M. This
implies that f = 0 in an open neighborhood of ¢ in M*, and we have com-
pleted the proof in the generic case.

Now we assume that M¥* is a nongeneric, C-R manifold in C". Let p € M*
and take ! = dim¢H (M*) — max(k — n,0) > 0. Then the local equations
for M* near p are (in the case that k£ >> n, with a similar argument if & < #)

=% + lhl(xl yerny Xoln—1)—k ) Wiyeeoy wk—n+l)7

Bolnt) -k = Yot Dt T Potn1) (X1 rees Xaln0)—rr » W1 3+es Weon1)
Zatn-1) k1 = Uy + 10 = Wy,

3.3)
Zpoi = Uyl T Winet = Wionals
i1 = gl(xl reery Xaln_1)—k » W1 seees ‘wk—'n+l)’
By = gl(xl yeeey Ko(n_)—k » Wy seeey wk-n+l)’

Where %1 ,..., Xo(n_1)—i » Y1 5 V1 se-s Ug—ns1 » Vp—nss are local coordinates for M*
vanishing at p, and 2, ,..., 2, are coordinates on C" also vanishing at p. The
functions & ,..., ky(n_y)z; and the functions g, ,..., g, vanish to order 2 at p.
It is shown in [10] that M* is a C-R manifold if and only if g, ,..., g, are
C-R functions on the associated generic manifold My* in C*-' given by the
equations

2 == %y Ry (g yeey Xg(not)— » W1 seee> Whonit)s

Zolnet) ks = Xoln—1)—x + Patn-1—m(®1 seees Fa(n-t)—t s W1 yeees Wie—nt1)s (3.4)
Roln—t)—k41 = Uy + 10 = Wy,

Bpeq = Uppiy + Wppay = Weenyy -
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It is true that the excess dimension for M* is the same as that of M*, implying
that the maximum possible value for e is 2n — & — 21.

Let us examine another generic manifold M’ in C* with local equations
given by

7 =%+ lhl(xl rerny Xoln-)—k » Wy 5oy wlc—n+l)’

Boln-1)—k = Xatn—)=tc T Pan-1)—(X1 o0y Xanot)=k » W sorey Wi i1)s
Ba(n—t)—ks1 = Uy -+ Uy = Wy,
: (3.5)
Bpoy = Uy + 04y = Wy

Bpi41 = Xn_gi1 + 81,081 ver Xa(nat)t s W1 seees Pp_pi1)s

By = Xy + 18,5(%1 seees Banot)ote » W1 yeres Dpens)s

where g; = g;1 -+ 1g;,,1n Eqgs. (3.3) forj = 1,..., I. Now we want to construct
the boundaries for the analytic discs with respect to w; of the manifolds
described in Egs. (3.3), (3.4), and (3.5). These are

o0 . 0 00
2y = X" 4 (%17 ey Xo (1)t s WL yeres Wiept)s

a0 . Lo} o0
Ban-)—t = Xatn-1)—k T Potn-)—1(*1" s+-» X2(n-t)ti » W1 roor Wi—ns1)>
By(n-t)—he1 = Wy = r€¥,

Ra(n—l)—k+z = U + Wy = Wy,

(3.6)

Bpg = Up_niy + Wionpr = Wiy »

=< o0
Bpegs1 = EU®1 seees Kotk » W1 3eeey Wrenia)s

S o0 0

By = gl(xl ooy Xa(nl)—k s W1 50eny 'wk—n+l)v

for M¥,
a0 . w @

2y =% iy (%, Xno)—p > Wy yeees Wimmi1)s

- . @ £
Ratnn—k = Xa(n-1—k T Patn-1 (%1 seres Xeln_1)—t; » W1 yores Wp—ns1)s
Baln-l)—k+1 = Wy = 7319) (37)

Za(n—t)—k4z = U + Wy = W,

Bpop = Upepyy T Wy = Wiy,
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for M*, and

o » 2] o0
=% + lhl(xl seeey Xoln—1)—k » Wy 5eeey wk—n+l):

: o0 . (-] [ 0]
Ra(n-1)-k = X2ln-1)—k T Potn-n)—1(¥1" srr Xalnot)—k » Wy yrey Pp—ppr)y
Ban-t)—ki1 = Wy = re¥l,
Btttz = Ug T Wy = Wy,
: . (3.8)
By = Up—p -+ Wy p = Win >
o © @
Bp—1+1 = ¥n—g41 — Tgl.2(x1 soees Xe(n—t)— s W1 sevey wk:-—nH)

J [ o] 00
T 2g1,5(%1 s s Xalne)—tt » D1 30ers Domnt1)s

) [+ ) o0
2y = Xy — Ty o217 o, Xo(np)—r » W1 seers Wypp1)

. w0 {e]
T+ 127,6(%1 5005 Xo(net)=tt » W1 5over We—nt1)s

for M'. The discs with boundaries given in (3.6) form a (k¢ + 1)-dimensional
manifold M with M* in its boundary, the discs with boundaries given in
(3.7) form a (k + 1)-dimensional generic manifold M, with My in its
boundary, and the discs with boundaries given in (3.8) form a (¢ 4 7 + 1)-
dimensional generic manifold 47’

What we need to know is that M is a C~R manifold in €7, and that all
C-R functions on M* extend to C-R functions on M. The functions g, ,..., g;
are C-R on the generic manifold M* and thus extend to C-R functions on
M, by Theorem 3.1. Thus we have that A7 is a C-R manifold, since M, is
the associated generic manifold for M. In [11] it is shown that all C-R
functions on M* extend to C-R functions on the manifold M’, and hence to
C-R functions on M’, a generic manifold. But M is a submanifold of 37",
and hence all C-R functions on M* extend to C-R functions on the C-R
manifold M.

The proof in the C-R, nongeneric case is by induction as in the generic
case. The only change is that if the maximal excess dimension is one, then M
is a complex submanifold of C" of complex dimension # — [ instead of an
open set in C? as in the generic case. Thus we use the uniqueness of analytic
continuation for complex manifolds instead of for open subsets of C*. Q.E.D.

4. NEecessitYy REsuLTs

The theorem we will prove later in this section is given as follows.

THEOREM 4.1. Let M¥ be a real k-dimensional, connected, C-R, €* sub-
manifold of C*, and let the excess dimension of the Levi algebra be constant at
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every point. If M* has the property of uniqueness of analytic continuation for
its C-R functions, then the excess dimension e must be maximal at every point
of M~

This is the converse of Theorem 3.2. However, we cannot prove the
necessity result above without making the following additional assumptions
on the type of uniqueness of we are considering.

A. If M* has the property of uniqueness of analytic continuation, then
so does any arbitrary connected open subset of M¥. In other words global
uniqueness implies local uniqueness.

B. If M*and M are taken as in Section 3, and if M U M* has uniqueness
of analytic continuation, then so does any connected open subset O of /.
By M U MF* having uniqueness of analytic continuation we mean that any
function in €™(M U M*) which is C-R on both M and M* and which is zero
on an arbitrary open set in M, is identically zero on M U M*.

Since our proof will be local in nature, we remark that assumption 4 is not
needed if one is interested only in a local result.

Let M* be a real k-dimensional, connected, C-R, ¥* manifold embedded
in C. Let p be a point in M* such that the Levi form on M* does not vanish
at p. As in Section 3, there exists a (¢ — 1)-parameter family of analytic discs
with boundaries in M* near p, such that the interiors of these discs fill up a
connected C-R manifold M of real dimension (k + 1). In the following
lemma we assume that M* consists of the connected open neighborhood of p
in M* filled up by the boundaries of the discs giving us M.

Lemma 4.2.  If MF has the property of uniqueness of analytic continuation,
then M U MF¥ also has this property.

Proof. Let f be a C-R function on both M and M¥, and let U be an open
subset of M with f = 0 on U. Since f is holomorphic on each of the analytic
discs we have that f = 0 on the closure of those discs which intersect U.
Hence there exists an open subset of M*, which is contained in the boundaries
of such discs, with f = 0 on this open set. Since M* has the property of
uniqueness of analytic continuation, it follows that f is identically zero on
MF. By the maximum principle on the analytic discs, f = 0 on /7 U M¥, and
the lemma is proved. Q.E.D.

In the following lemma we assume that 2(n — ) — k > 1, because if
2(n — 1) — k = 0, then M* is a complex manifold, which has the property
of uniqueness of analytic continuation. Here [ = dimcH (M¥) —
max(k — n,0), as before.
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Lemma 4.3. Let M* be a real k-dimensional, connected, C-R, € sub-
manifold of C™ such that the Levi form vanishes on an open subset of M*. Then
MP* does not have uniqueness of analytic continuation.

Proof. Let O be a connected open subset of M* described by Egs. (3.3),
and suppose the Levi form vanishes identically on ¢. Then we need only
show that @ does not have uniqueness of analytic continuation, and then apply
assumption (A). It follows from the work of Sommer and Wells (see [18,
22]) that @ can by given by the equations

% = al(tl veoos Baln—0) 5 Y1 3eees 'yk—n-}-l)a
: 4.1

Zp = Oty yeees Ealnt)—k 5 V130> Vi—nt1)s

where 1, ,..., f5(,1)— are real parameters, v, ,..., ¥x_n4; are complex variables,
and o ,..., &, are holomorphic in yy ,..., Ys_p. for 2, ,..., tan_p_s fixed. We
assume that —1 <1, ,..., tatuopy_x << 1 and | y; Leoty | Yionas | < 1.

The function defined by

(215005 20) =0, —{ <t <
=exp(—1/(t + )% —1 <, < =4,
= CXP(——I/(tl - %))2’ % < t1 < 1,

is certainly C-R on @ since it is holomorphic in the variables v, ,..., Yi_nsz -
It is identically zero on an open subset of 0 without being zero on all of 0,
and @ does not have analytic continuation. Q.E.D.

Now we are ready to prove the main necessity result of this paper,
Theorem 4.1.

Proof. We consider only the cases in which 2(n — ) — k& > 1, and the
proof will be by induction on 2(n —I) — k = k — 2dimcH (M¥). If
2(n — I) — k = 1, the maximum number possible for the excess dimension
is 1. If e = 0 on M*, then M* cannot have uniqueness of analytic continuation
by Lemma 4.3, a contradiction.

Let ¢ be an integer greater than 1, and assume the statement of the theorem
is true for 2(n — 1) — k2 = t — 1. We will show that if M* is a manifold with
the maximum possible excess dimension equal to #, and with A* having
uniqueness of analytic continuation, then e, the excess dimension of #(M*),
is 2. By using analytic discs we can find the manifold /7 in Lemma 4.2 if there
exists a point p € M* where ¢ > 0. However, if e = 0 for every point in M¥,
then we have a contradiction by using the fact that the Levi form
vanishes on M? if e vanishes on M*. Applying Lemma 4.2, /7 U M* must
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have the property of uniqueness of analytic continuation. By assumption B,
the manifold 7 itself must also have this property. Using arguments as in [5]
it can be shown that the excess dimension of #(#7) is 1 less than the excess
dimension of #(M*), and this is also true for the maximum possible excess
dimensions of #(M*) and £(M). Thus the maximum possible excess dimen-
sion of #(M) is t — 1. By our inductive hypothesis, the excess dimension of
(M) must be t — 1, since M has uniqueness of analytic continuation.
Hence the excess dimension e of #(M¥) is exactly ¢. Q.E.D.

The following corollary implies that assumption B is not required if only
real hypersurfaces in C" are considered.

COROLLARY 4.4,  Assumption B is not needed if k — 2 dim H (M*) =1
for pe MF,

Proof. In this case the maximum number possible for e is 1, and if
e = 0, we just use Lemma 4.3 and not Lemma 4.2. Q.E.D.

5. Otuer ExampLes, ResuLTs, AND REMARKS

Thus far in this paper we have considered only those C-R manifolds M*
which have constant dimension for their Levi algebras at every point. It is
important to ask if there exist manifolds M* C C* which do not have the
property that their Levi algebras have constant dimension, but which still
have uniqueness of analytic continuation for their C-R functions. If M* is a
hypersurface in C” (i.e., & = 2# — 1), then the dimension of the Levi algebra
is zero if and only if the Levi form vanishes, and the largest possible dimension
is 1. In the case of the hypersurface, we will consider examples for which the
Levi form vanishes at some points, but not at others.

ExampLE 5.1.  Consider the 3-manifold M3 in C? given by the equations

2y = x; + {(w, @)%

Ry = Uy 10, = Wy,

with —1 <% <1 and |w | <1 We find X = —(i/2)(d/0w,) +
2(w,0,%)(0/02;) is a basis section of H(M?) and

[X, X] = —2iw,, - {(9]0z,) - (2/07,)}-

Thus the Levi form does not vanish on M3 except on that set of points where
w, = 0. This set of points S forms a real 1-dimensional submanifold of M3,
If U is any open subset of M3, then U — S contains an open set in the con-

505/21/2-5
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nected manifold A3 — S. If f is a C-R function on M? with f =0 on U,
then applying Theorem 3.2 we find that f = 0 on M3 — S. By continuity
f = 0on M*, and we have the desired result.

We doubt that this example can be generalized in the following sense.
Let M2 be a real hypersurface in C* such that the Levi form vanishes at
most on a nowhere dense subset of M?2"-1; then M?*-1 has the property of
uniqueness of analytic continuation. For the M3 in the above example, we
notice that the Levi form vanishes only on a subset of dimension 1. If we have
a manifold M271 and a subset S of M?"~! on which the Levi form vanishes,
and this set S disconnects 21, then finding necessary and sufficient
conditions for M?"~! to have uniqueness of analytic continuation seems to
be very difficult.

An interesting problem is illustrated by the following example.

ExampLE 5.2. Let M3 be the €= submanifold of C? defined by the
equations
2, = Xy + thy(x; , wy),

Ry = Uy + 10y = Wy,
with —1 << x; < 1 and | @, | < 1, and where 4, is the function given by
h(xy , wy) =0, wy | <7

—1 ]
_exp(m), f<|wll<1.
Here 7 is fixed so that 0 <C 7 <C 1. We can put in the analytic discs by applying
the Cauchy integral formula to the equations

2y = xp + thy(x, , re®d),

2y = Uy + Tv; = w, = re¥,

since no Picard process and Sobolev norm estimates are needed in this case
(R, is a constant function of x;). These analytic discs fill up an open set W in
C? described by {(2,, 2:) € C% |2, | <1, 31 — (%, , w;) > 0}. It can be
shown that all holomorphic functions in a neighborhood of M3 in C? extend
to holomorphic functions on W, that all C-R functions on M? can be approxi-
mated uniformly on M3 by holomorphic functions in a neighborhood of M3,
and hence all C-R functions on M3 extend to holomorphic functions on W
(see [17, 21]). If a C-R function on M3 vanishes on any open subset of M3,
then it must vanish identically on all of M3 by arguments given in [7, 14].
However, if U is an open subset of M3 on which the Levi form vanishes
(for instance a sufficiently small open neighborhood of the origin), then U
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does not have uniqueness of analytic continuation. Hence this manifold M3
has the property of uniqueness of analytic continuation for its C-R functions,
but not every open subset of M3 has this property. This example, which has a
nonconstant dimension for its Levi algebra, verifies the following statement:
Given a real hypersurface M*—* C C® which has uniqueness of analytic
continuation, it is not always true that every open subset of A/2"~! has
uniqueness of analytic continuation.

For compact connected real hypersurfaces in C* we find that a remarkable

phenomenon occurs. The following result is the basis for such a phenomenon

(see [8]).

TurorReM 5.3. Let Q be a bounded open set in C*, n = 2, such that the
complement of the closure of 2 is connected and 082 is a €= submanifold of C.
If uis a C-R function on 082, then there exists a holomorphic function v’ in 2
such that ' | 02 = u.

Using Theorem 5.3 we can prove the following global theorem.

THEOREM 5.4. Let Q2 and 082 be as in Theorem 4.1. If f is a C-R function
on 082 which is identically zero on some open set in 082 then f = 0.

Proof. The holomorphic extension f’ vanishes on an open subset of £2
and so is identically zero (see [7, 14]). Q.E.D.

Remark 5.5. Harvey and Lawson [6] have proved a theorem analogous
to Theorem 5.3, but with 082 replaced by a compact connected odd-dimen-
sional ¥ submanifold M* C C* with dimH (M*) maximal for every p € M¥,
and with £ replaced by a (¢ + 1)-dimensional complex manifold with possible
singularities. For such sets there is probably an analog to Theorem 5.4.
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